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Stability of Stochastic Reaction-Diffusion Systems
via Boundary Sampled-Data Control

WANG Yunzhu
(Foundation Science Education Center, Hangzhou City University,
Hangzhou 310015, P.R.China)

Abstract: The stability of stochastic reaction-diffusion systems under boundary sampling control was dis-
cussed. With the fully accessible system state, a boundary sampled-data controller was proposed, and a piece-
wise discontinuous Lyapunov function related to the sampling interval was constructed. For stochastic reaction-
diffusion systems, sufficient conditions for mean-square exponential stability, both in nominal and robust set-
tings, were obtained with the Wirtinger inequality for spatial integrals and isomorphic discrete transformations,
in the form of matrix inequalities. With the not fully accessible system state, an observer-based boundary sam-
pled-data control strategy was proposed, and results for the mean-square exponential stability and the robust
mean-square exponential stability of the system were obtained, respectively. Finally, the feasibility of the pro-

posed methods was demonstrated through 3 numerical examples.
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ST XL R I AEAEL SRDS (R M FE BR PRI ST 75 SR R B i+

T 2 AR T AP R o, 2 AR SR AR 5 R R (AN T 2238 kTS e I e ST A
PUIAE 45 ) B DL S 2., © 2252 B MOR B 1 S i S ) SRS e i 7 R e A bt n 4 skl VR T, S 30 7 %
RGAT AR ROAEE AR SRDS 277 48 KRS P T5 I, WP 5T A © 2k 3R 1V 2 i E R BN, SOk
(6] FI A A D T BAT 748 23 ) Z BN Z M 28 BoRB & ) 300 S0 R R SR [ 7 ) e 10 e il A 21 17 o6
THEG SRDS (XI5 H R F0 H (5] 25 AU D B B A AR ) i i | SRS ) A TR 2 B v ) o S
0 H 45 58 0L SCHR [ 8-12 ] rh it i b BRAR R 22 1 (9 75 12 , AN e BIOT vk bk b O 125 A A SR 757, O SRDS Y
PRI T SR 1 3 A S B 1 iy SRR s B ( BSC) B M, NSO B0 Ak 3 i L FAAIR T RS
PRVEE JebE A5G bR TREF R,

BEAh , RGP BB B A TE X R GOIRAS B HERGER | T RGOS AEAEXE L 43R AT M R GRS
FhTHEAR S T B SR R SCHR [ 17 1T JCRR 4R I % | A ke 5 05 1 1ol o O R XU R G ) RS Ak 0] L.
SCHRL 18 I e 1 AR AMEREAL AR GE 00 3 RSN TR R SCHR [ 19 1% kT s FUWEI g% ) 4 o 7 A 1 oA
BEMLBKAZ AR R GE , 15 21 1L #8822 R GE 44 D7 16 50R € Y 45 5. SCIR [ 20 ] 24 BAT SR AR T 48 O BERLAE
MRSV T — AT IS H, FEhas 8BRS Lyapunoy KBS H FEALER G M) UL X
BeSCRFIE T W EVE R G MBENLRSE, I M T B RS (H, H AT AR B2 AL T30 FORAE AW 5 5011
Tk R RGP & AN E S BT L.

TERFEEHIMELE S i JH 3 BEANIELE Lyapunov {2 BR T LUA BBy 25 A PR <7 k. SCHR [ 21 18758 17— 4>
VAT IRAE R GE i A — AN S R A R AR R ] PR IR S, T SRAS T 488/ i PRy M 25 . STk
[22] 2 BA I AR AE IR 1A BRAEFF 22 28 5 |A T —Fh T HY Lyapunov 12 R, RESS 78704 S WIS DX TH) B B R AR
BLOCHR [ 23 1 WIFE Lyapunov 32 BRI T 63 & F FH AR B 0 B AR S 38 S 300 AR T AR SF Pk SR T, X 26 Pk RE A
SRR R BN T REL R ST , 76 HEA TAH I 106 ok o8 36 5 A BB IE I B AL 2R 48 A AR 2,

ATLVE ) A TS C 2 U T R R B R 2 25 B E M R G EUH TRr R ST, 1 A T SR i
FEIBRAE AR A XS BEATL I G 73 2R BT, 300 ERAE 2 1l SR () B P AR S B R B /0 DL i L, 6 Bt AL i
Wy RGE , AR HIEATREAEAL P, sl HAE AL 0 1 R GE sl e R &8, RE S AL A B LR A A — B
BRI R, WFFE BEAL 2R S8 B 25 18] — [ 0™ 1O -5 N 1) 2 BT 5 15 279 oA B A Be 2 LT HL
T A i S FEAL AR GE H SRR R A OGS B 0] 5 E P R GEM I Lyapunov 12 BRI 1 J7 VA ME LA B3 IOk Ak
PEREHL AR GE I ZESCIHR [ 26 ] 05 & T, A SC22IR0 B 1T BSCORTEE T WL 45 19 321 A0SR e 45 1l 4% (observer-
based boundary sampling controller, OBBSC) , #4 1 -5 SR [B) B AH 5C 14 73 Bt AN ZE 1 Lyapunov 32 #R, AF 5T
SRDS ARG E P A& R 1 ) i

ASCHY BT BE T . O S533CHR[ 26 ] 59 TAR, Bt 17— 1& & SEBRI T BSC, I H [R) 14 25 i
ARHAL B SRR R R B BUR 55 @ AR IR B BRSSPk £HXF SRDS Bt 17— g
I ER A RAT: ) i ) 23 B AN R 2 Lyapunov 2 085 @) 24 RGUIRE T ARG, Beit 1 —Fh IG5 52 bR iy
OBBSC, #t— 241 i 1 3575 16 50ke e M8 R 24 U7 8 Bk PE R
1 (Rl A 5 Fileg FHiR

HSRA  (Q,9,,P) B—D5S&MRaE0 I QRN (g, ), EREE 22 o- 1REL,
P ZREPRMEE, LX(R") 2R R" ERPE TR pRELZS 18] 5 24'(0,1) 7R Sobolev 25 [8] | HoAw 5 1Y) pREE 46 X 1%
ey HFACFIr 8L @ > 0(Q = 0) FRi Q & —AMIERE (CHIEE) JFE, 11T @ < 0(Q < 0) F£m Q =24
TUE (B ) FEME 5 1S3 AR A I 5« R AERE TP ORI RRIT; K ORI K G E X TI7 1 K
me, K, #-K' +K.

FIEWF SRDS:

dz(x,t) = [Az(x,t) +B

Fwrtn 20

0°z(x,t)
dx>

:|dt+Cz(x,t)dW(t), (1)
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z(x,0) =p(x) . (2)
Neumann 1 554K
z,(0,0) =0, z.(1,t) =u(t), (3)

Hr, z(x,t) € P(R") FRABAGREN—HF I BNGIHE, x e [0,1] B EA R, 1 e [0,0)
B HiFF A, B,C e R™" H B > 0;¢(x) Z—THIRIELREG W) &2— 1% XTE (2,7,,P) L1 4E
R E Brown 12 3.

XFARGE (1) AR AR R il 25

u(t)=—Kf;z(x,tk)dx, (4)
Hrp, K e R™ BB EEMEM, t e [t,,0,,,), e <t,, —1,=h, <h, k=0,1,2 -1, =0,

1 SCER[ 26 1A H AR SORACKE 10 A4 il 48 W ARG R B 3 T 10 U RAEFE 1) ( BSC) SRS IR 25575 8 T BB 4~
BRI BEHLIT A S0 75 BSC SRS AT R AR T BEAE T 5 b HEAT SEmH 3 B4, S Al T st ol . TR I, AR SCHR g 36 s L
A FEAR A B DS RE | T TR B A B AR, L N T S S P SR 91 a0 3 B S 4 A PR AR R 200 T g R

FE2 SCHR[ 28] A B 1 AT RHIE RS (1) — (4) TE7EE— [958 Atk S phy 58 X 107 A BEHILAR S AS S 38, BT LR BE T Tno
ORI — (IR, SCHR[ 28 1 AAB 1 5 Y T IR T S A B G55 /A T K

N T RART e Wi e, = [1,,,0,,,.0,,,]" 6, =10,,,.1,,.0,,]" ,e,=[0,,.0,,.1, 1" JFta&iH
w5 HAE .

5|38 1( Wirtinger A1) XFFIEEMESER > 0, Wik y e 24'(0,1) J2— k% H y(0) = 0 5
y(1) =0, WPLUF R AREX BT
2 T
flyT(n)Ry(n)dn < % l(jyj R(dyj dny
0 w7 o\dn dn
513 2 % Q,,0, 0, 7 H A YU bR AR MR RS v (1) e [0,a], MIAER Q, +
v()92, + (a ~v(1))82, < 055HT
0 +a2, <0,
{.(zl +af2, <0,
5137 X FAEIHUEN D EF,.G.H, R G >0 HH'H <1, WH
O XM FAEZHEr > 0 MimiEx,y e R"

1
2x'EHFy < rx"EE"'x + —y'F'Fy;
r
Q@ X THEEFEr >0, % G - rEE" > 0 o7 A
1
(D + EHF)'G'(D + EHF) <D'(G - rEE")'D + — F'F.
r

5|38 4(Schur #b71BRY P Y LEF MRS PL,Q R, DL F &M RSN .
P Q
®@TJ<M
@ ZHREWWM, P-QR'Q" <0HR < 0;
@ #PRAWH,R-0QP'Q" <0HP <.
EX 1 WRAEIEFES flc, it
Ellz(x,0) |> < ce™E | ¢(x,0) |2,
WFRRSG (1) et eE . b, |z |2 @ XN fOzTP]zdx,P] > 0 E— N AT XA, 6 > 0 &5

TEL 8
2 FEE L HAE
A5 FIFH BSC L% OBBSC 4} SRDS MR GE VE. 256 , 3 T — it 50 9 HO M0 T SR Wl A 1 3 B RS 14
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,7& Lyapunov Z ¥R, -3l i B3 2419 BSC, 73th SRDS T2 M 740 4 458 , B IEFI RGUIREF BA 8 24K
REE O, 2 T —Fh LT Luenberger MR #5199 BSC, DAV % 52 B R AR B MR R 1T F2 e 2k 1 X0 45
A3 SRDS , #45 — Nt i 4 BEARZESE Lyapunov 32 R, JE T A AR 188 T RGRE T 5.
2.1 BSC mfaE 4

XSRS (1) B9 BSC M 38—~ 15 SR AR IR FRAH DG I 73 B I 25 Lyapunov 2 pRLGE i3t 5 1A SF IR B HIUE #e Al
AREHR, 3 1 R GE (1) B 8 8RE M 5800 2500 1 LIS 2 9 BSC RESHUE ARE MR G (1) , 4 th
DI 7 3.

IR X T4ERE R K fibiit h > 0, 6 >0, 6 >0, URIEGSIEXAERP,, P,, Py, Q,,
Q,, WRAFLEP, # P, hP, < &P, ,h < 1/(268) [HHEA%R

M hK'BP,Q, hP,BKQ,
hw? 0 5
- T(QZPIBQZ)sym - hQZPIBKQI < ( )
K - (1 -25h)P, |
Gl
[N hK'BP,Q, hP,BKQ 1
h?
- T(QZPIBQ2>sym - hQ2PZBKQl <0 (6)
* - (1 -28h)P,

BT, ) BSC(4)TE@%25T:<1)@’]75?5.3&%%;58@ EPM P,-P +h((PA), +C'PC-(PBK), +
28P,) ,N=P, - P, + h((P,A) , +C'P,C - (P,BK)_, +25P,).
UERR AT LRLAR R =R 8 R B R AR SRR s e

{Q]z(x,t)=z(x,t) -z(x,t,), iz
Q,2(x,t) =z(x,t) —z(1,1),
Hr, 0,0, > 0 ZAEAF 508 5 R AL GO T RAE W] B% 1 73 BE AN % 22 Lyapunov 12 bR
V() = V(1) +Vy(1),
Horp
V,(1) = f;n(t)zTPlz +0(1)2"Pyzdr, (8)
o= [ [ Pt dsie, (9

H n()=1t,,, —1,0(t)=t—1t,,t € [t,,t,,,),P,, P,, P, >0 EH P, # P, BNl .

AR V() > 0.8 T lim,, V,(¢) # lim,_, . V,(£),V,() fEt € [1,,1,,,) LR—DIBORELZ K, Hii
E=0,1,2, FE8Y - HQ, BIEGFIHEER, Q,z(x,t) =0, FHItY 1 — 1) B, z(x,1) =0.5-H.,
Mt —1, B, V(1) = 0. FERAEIT R bV, (¢) EEZR, BXTT £k =0,1,2,--, #A V,(¢,) = 0.

B S

lim V() = lim V(¢) = lim(V,(¢) + V,(¢)) = V(¢,) —hm Vi(t) =V, (t,)

=t [*’tA =ty

Gl
lim V,(¢) —f h, z'Pzdx, V,(1,) = f h,z"P,zdx.
ot

H TAREN: P, < eP,, A[F4

1
f h, (z'P,z — h,Z'P,z)dx =
0

1 1
f (ez'P,z - hz'P,z)dx = f 7' (&P, — hP,)zdx = 0,
0 0



472 [ E I = SR | A 2026 4F 5 47 %
XK
lirr} V(t) =1lim V().
ARG (1) T IMEROE™ 2 CH
_ GV(z(x,t),t)l i Ta2v(z(x9t) 7L)
LV(z(0,0) 1) = V(2000 0) + S U W S W, (10)
9*z(x,1)

HA, U=Az(x,t) +B PR W=Cz(x,t).
SR F BRI SR LV (1) < - 25V(0) Ot Kt (10) BT (8) FI(9) , ATLAEEY
LV,(1) = f;zT(Pz ~P)z+n(1)((Z'PBz.),, +7'((PA),, +C'PC)z) +
0(t)(z"((P,A),, +C'P,C)z + (z'P,Bz,) ) dx
F
LV,(t) =f -7'P.zdx.
= (3) .(4) \<07) LA Green 232 A] LATG 5
f;zTP,Bz“dx =2"(1,0)P,Bz.(1,1) - f;zIP,Bzxdx -

1

f -(z-0,2)'P,BK(z - Q,z7) —z.P,Bz dx. (11)
JtH. BESA iné)l o) =0, WA G 1, T LIS 3]
| ; ~ 2'P,Bz.dx = f; - £'Q,P,BQ. dx < | ; - q::2"‘Q2PIBQ2£C1%. (12)
iRt

LV(1) < f;zT(P2 -P)z -2 Pz +n(1) (zT( (PA),, +C'PC-(PBK),)z+
z'(P,BKQ,) .z +2'(Q,P,BK) .z -z2'(Q,PBKQ,) .7 -
TET(QZPIBQz)Symi ) +0(1) (zT( (P,A),, +C'P,C - (P,BK)_ )z +
z'(P,BKQ,) .z + 2 (Q,P,BK) ,z - 2'(Q,P,BKQ,) .z -

™ .
TE(0.P.BO,) .2 Jdr. (13)

S

D, =e (P, _Pl)elT _e3P3e§’
¢2 = el( (P]A>sym + CTP1C - (PIBK)sym)eT + e](szlBK)symez +

2

m
el(PlBKQI ) symez - ? ez( Q2P13Q2 ) syme; - ez( Q2P|BKQ1 ) symeg s
@3 = el< <P2A)sym + CTPZC - (PZBK> .sym)ev:‘ + el(QZPZBK) symeg +

2

e\(P,BKQ,) ¢} = e(Q.P,BQ,) e} ~ ex(Q.P.BKQ,) .
It 2 (13) A IS Ry ) —MIE 2 BISE T ¢ Mg ki 2.
V(1) < f;z"‘(qsl (0D, +0(1)D,) Edx,
H, Z=col{z,2,2}.
FEEH V() < j;nu)zTPlz +0(1)z' Pz + hz'P,zdx, AT LITS 5]

LV(t) +28V(t) <
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1
[Z7(@, + 26he,P.el +1(1) (@, + 20¢,Pe]) +0(1) (B, + 25¢,P,el)) S

HURSIBE 2 50 (5) FI(6) T LUEE LV(1) <-25V(1).
5 =) HARLEAS Lyapunov A SE AN MO T REER BRI A LR S ALERX LV () <-26V(1)
P Gronwall A% BEATRY, AT I3
EV(t) <e™V(0).
He<t, —-t,=h <hHhIP <eP, 15

1 1
EV(1) = Ef e7'P,z + 7' Pzdx = Ef (e +h) 7'P,zdx,
0 0
LK
1
V(0) < [ h'(x) Pp(x) d.
0

Be=h/(e+h), WAE |[|[z(x,t) |><ce™E| ¢ (x,t) || > HHEEL 1, RHARG (1) FE 1, = 0 B T8
BRE 1Y UERE.

M iR g3 HrH AT LA ) Lyapunov PREXH AN E SR IAE V (1) 45Tk, % B % 2% Lyapunov 12
BRAYTE AL ATV, (0) , 4RI — BN P, = P, JF5 IR HA MR AR 5 2, ik
thoy =4, =h ATk =0,1,2,-- BT 42E 5 TN MBI G 1Y ESHZ K .

- 1
Vi(t) = fohczTPlzdx .

M V,(e) & LRI (), WIAT LB 4245 H LLUF #ES.
WIS 1 WA E K FIEbsR b, 6 ) Q,,0,,P, P, i /e 26k, < 1, IF HA T A%

M h K'BP,(, h_P,BKQ,
2
i
- T hc(QZPlBQZ)sym - thZPlBKQI < 0’ ( 14)
* - (1 -26h,)P,

WG (1) RS eEkaE m, b M = h,((P,A),, + C'P,C - (P,BK) , +25P)) .

TS FIARK (7)1 R PR AR 7 e, s A8 4 R B ) 8 AL, 6 Lyapunov 1 B8 5247 7
i, M 0 R YR Rk B 0 R TRk SR O (4 e ST AR B0 B 5o 65U 05 SR A R 5
LR R S L

4 AEEM TR = h = h B P, = Py IRAMRR(S)RI6) BT, 2 (14) WAL [LZIRAR BRI IHE R 5
Bl S PO R S — ML SR I 1 TR BB SR T 1 TR A5 S 5 BRI S Lyapunov 12 bR AEHE A7 i TR
BEGL IR RO (P,

S eI IR T A R IR PR RE T 1P, < o P, R 5 20052 1 A SO LIS LRI
/N P B RO AL

6 IR OTAI 291 ARIe, BRI AE S UCBT I A T F AR Q, A1 Q, . HE— B WE(IR T 7 ik MRS
2.2 OBBSC WEM

IR BSC RYRTHRIE TR RGURAF B AT LLAT IR, SEBR R GRS R L AR 2RI N T
filf BSC 1EH TAE, ASCRA T — I A AR AR BRI, I 4 1 36 T IIAR 19 BSC B2 iy 78 o0 A 1F.

BTN R GURZS WL 25 -

dZ (x,t) = [Ai(x,t) +B° i(xz’t) +L(z(1,1) —z(l,t))}dt, (15)
N GESE)

Z(x,0) = (x), (16)
SUES SL

z,(0,0)=0, z,(1,0) =u(1), (17)
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ST, 2o, e 2Ce,) W, L ARRTHROWB BRI, F020 () =- K] 2x,)de.

E SIS IR2ZE N e(x,0) =z(x,t) —Z(x,0) A Z(x,t) = (e(x,t),z2(x,t))" € R™, 5153
*Z(x,t)

2
X

dZ(x,t)Z[dZ(x,t) + B +1’Z(1,t)}dt+dZ(x,t)dW(t), (18)

b, o= (1 V) m= (% 0= (T o) e=(y ) e Ry

.\ * B 0 0
Z(x,0) = D(x) (19)
il
Zx(o’t>:02n’ Z.r(l’t>: <0n><n’Ian>Tu(t), (2())

Hift, @(x) = (dp(x) ,p(x))" € R

TS TN 5T BSC, I A U RN R E AL

EE 2 HEMlx, o FIENRE h,e, 8 DRAEFFXAEf 2, 2,, #2,,2,, 2,1t e #2,,
he < e, h < 1/(28), [H45 LN A REaL , W #5525 R 45 (18) —(20) ¥ T H8 B E 1)
(M hW(x'BP, -2, L)2, hP BXQ |

h 2
- (e B, -he®mRe, <0 (21)
K - (1-28h) 2,
Al
B h<ﬂ(Tm2_@21)92 h®,8%2 |
h?
_T(-szpzm2)sym -heo,?,R%@ <0, (22)
K - (1-26h) @,
/\‘:':.

M=P,~P +h((P,f), , +C'PC~ (P BK),, + (P L), +25P,),
HN=P,-P +h((P,A),, +C' P~ (P,BX),, + (P, L), +20P,).
iEB 4

{_QIZ(x,t) =Z(x,t) —Z(x,t,),
. (23)
Q,Z(x,t)=Z(x,t) —Z(1,t).
X 0, 0 0, 0
Hi e, 2,> Oz%xiﬁaﬂiiﬁﬁi,ﬁﬂgl:[* Q],.Qf(* QJ'
FOTE RN (3T Lyapunov 3Z B /(1) = @, (1) + a,(t), Hrf
fl/l(t)=fl7)(t)ZT9-'>lZ+0(t)ZT£D2de, (24)
Wy (t) = J;JtmmZT(x,s) 9332(90,3)(13(196, (25)

H n(1),00) EXSHX—, @, P,, @,> 0 X AHAa 34K, I H

(PI 0 ] (Pz 0 ) (PB 0 J
P 1 = ’ P 2 = ’ P 3 = ®
®* P * P, : ®* P,
WITEZ5 /N T

Lv(t) =

1 _ _
[2/(2,-2)2-2'2 2 +n(1)(Z'((® ), +'®,)Z + (Z'P 2Z(1,1)),, +
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+e'P,e)Z + (Z'? ,LZ(1,1)),, +

sym sym

(Z'®? \BZ,,),,) +0(1)(Z'((P,H#)
(Z'®,BZ,) . )dx.

sym

SR
1
f Z'® BZ dx =
0

1
Z'(1,0) ® ,8Z,(1,1) - [ Z'P, BZ dx =
0

-(2-2,2)'2,8(0,,,1,,)"'Ki(x,1,) - Z'® BZ dx =

nXn ¥

-(Z _sz)Tg)lB(O Illez)TK(z<x9tk) - e(x’tk)> _ZIQIBZxdx =

nxn

Ian)Z(x9tk) - Z;r@ IBZxdx =

nxn %

fl

0
fl

0

1 A
JO a (Z _QZZ>TQIB(011><H? In><n>TK( _I
1 ~ -
fo -(Z-2,2)'? 8% (Z -2 ,Z) -Z'® ,BZ dx <
fl
0

2
-(2-2,2)'? 8% (Z -2 ,Z) —%ZT.ng-’lB_QZde, (26)
0 0
H - .
Hrf, % (_K K]
CIEYECEll
Lv(t) <

1 _ -

| {ZT(@z—ffD])Z ~Z'e.Z (1) [Z(e'P e+ (2 ), - (P BK),, +
. ) :
(@ll)sym)z + ZT<@1BWQ|>S}'"]Z * 2T(‘Q 2<@]‘B:,(_ 1@1))5)“12 -

2
A - a7 A ~
ZT(Q2?lml>symZ _TZT<—Q2?IBQ2)symZ] *

0(t) |Z2'((Pyet ), +C'PC~ (P,BK),, + (P, L) N+

sym sym

Z'(?,8%e ) Z +2"(2,(P,8X - £2,)) . Z -
7'(e.»,2% ) .Z - T;ZT(.szP B2 ,) . Z ] }dx. (27)
¥ (27) mEE I M
L(t) < f;‘y'l'(tbl +n()D, + 6(1)D,) ydx,
Hrf, @ =col{Z,Z,Z} AN SEM | FE AL, AHEER IELE.

BT RN LRI 2 04 RAT LLR . R SERE FES 0T N B H 7T B4 BHERT. P e 7T BB 5B 54 1
R,
B8 HIT 5k back-stepping ) A BEHCHL T2 BIPRS00 4 2 HOR B A2 6 5 SO A S0 J e
O Lyapunov 4107 , € AR T(E AT FUILIENS &5 16 2L F S HORHIE PR L,

3 SR

FESCBRR Y, S ECTHE RN A SE AN PR R A7 10 I 97 R B S A BN S RS ) —Fb
3.1 BSC MetHEEM
Z BT SHCE A AN E R R SRDS
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dz(x,1) = [(A +0O(x,t))z(x,1) + (B +X(x,1)) ‘ Z;:;t) Jdt +
(C+ E(x,t))z(x,0)dW (1), (28)

H, 0 (v,1), X (x,1) ,5(x,t) € R"" FRAHEHIEMLG XD AW (2)—(4).

DA 2 X AN o 1 — S AR

BRig 1 BUEATEEMS O (x,t), X (x,t) 1 E(x,t) ATLIE N

O (x,t),X(x,t),5(x,t)] =DA(x,t)[E,F,G],

HH D,E,F,G ECHMMNSEIER, A(x,t) B TRZs A B KR MR I HXFEE x e [0,1], 1 € [0,
o) IR AN (x,0)A(x,t) < 1.

PAFJEICT SRDS W& R34 T H8 B i e X

EX 2 WHRRG(28) XTI | AT ESE O(x,t) , X (x,t) T E(x,1) #BE T TeEER
FE N IR A E PR R B R34 5 HR B e 1.

DLUF @ AR BSC SR G5 (28) HY& B fa ke e 3R 41 T — Al AT 6.

EIE 3 M1 F, WERXTFAERERIEE K, IEARE h,e,8,r, 1y, 1y ,ry VLURCAEET S0 IE XTSRS
P ,P,,P,,0,.,0,, WliE%M P, # P, MIz(29)—(33), WIFRSGE(28) 7L RIS (4) TR BT 8%
FRE 1) .

1
hP, < ¢P,, h < 25 P' > r,DD", P> > r,DD", (29)
[ 1 (- T

- PP - BP, fF Jr,P.D
r
! <0, (30)
-1, 0
* _Ill
T 1 - T
S P:B- BP, —F Jr,P,D
r
41 0 <0, (31)
* -1,
_Fll Fl2 Fl3_
r, ryj<o, (32)
| * I |
_Fll 12 13_
[, I,|<o0, (33)
. * A'{;_
/\EI:]
2, PpD G" E" K'F"  C"]
Q, 0 0 0 0
r
-1 0 0 0
h
r, = r )
" -1 0 0
h
T3
-1 0
h n
| * ‘st_
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~»

11

‘Qll

Qll

hw?
- ?( QZPIBQ2 ) sym

*
- (1 - 28h)P,

*
(@ PD G
Q, 0

Y
h
*

=h(Q,P,BK - r,P,DD"'P,(Q,), I'; = h(P

=P, -P, +h(PA-PBK), +25hP, £, =~

=P, - P, +h(P,A - P,BK)_, +25hP,, 2, =

h?
- ?( szzBQz ) sym

1 .
:h((QzPlBK>T - r3P1DDTP1Q2) , Iy =h£P13KQ1 - 7K[F]FKQ1

T3
Q.P D
1 , I'); =— hQ,P BKQ, ,
-1,
hry
QIKTF]
ny |
o
E' K'F'  C"]
0 0 0
0 0 0
r, ,
- ;Iﬂ 0 0
r
- iln 0
h
flﬁa_
1 .
,BKQ, - TKIFIF' KQIJ ,
3
Q,P,D
1 , I'y; == hQ,P,BKQ, ,
- 71"
hr,

1
— 1T
h(rl+r3) "
_ 1 I

h(r, +ry) "’

UERR EETE R 1 AIER RN (10) BT T R SE(28) , W LIS E
LV(t) =

[ (2P, = POz - 2Pz + (D[ ((P(A + O(e,0))), ¢

(€ + E(x,1))"P(C+E(x,0)))z+ (2P (B +X(%,0))2,) ] +

Gl

1 1 r 1
szPI<A +O(x,t))zdy < f (ZTPIAZ + ?lzTP]DDTsz + 2zTETEzJ dx
0 0 rl

0(1)[2'((Py(A +O(x,1)))

sym

(2'Py(B +X (x,t))z,,) ] }dx.
AR 13 3 A 1, % TAE R IEE ry oy, A

+(C+ E(x,t))'P,(C+E(x,1)))z +

[2(C + Zx,0))"PL(C + B(x,0) )zdx < f'z"'(cTuJ,l ~1,DD")"'C +
ST Z AT AT, B2 T
flzTP,Bzmdx <

092, =-

flsb =

1
;(PI' -r,DD"),

- %(P;' -r,DD") .
(34)
(35)
L
—G G)zdx. (36)
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f;(— (z-Q0,2)'P,BK(z - Q2) - %zf{Plex - ZZZ'QJIBQ;] da.
RS 3 4 JFEEE(3) (4 F(T) ATRRE o, > 0, TR E)
j;zTPlX(x,t)z_vxdx =
f;z"‘PIDAu,t)Fzﬂdx -
2'(1,0)P,DA(x,0)Fz.(1,1) - f;z:PlDA(x,t)szdx -
- f:)(z - 0,2)"P,DA(x,1)FK(z - Q%) dx - f;sz]DA(x,t)szdx <
J (2<z - 0,%)"P.DD'PI(z - 0,3) + 2L(z ~02)'K'F'FK(z - 0,2) +

r 1
. Z'"PDD"P'z_ + — szTszj dx .

2 2r,
F(35)—(38)RAK(34) , HH BRI (30) MI(31) , 55155
LV(t) <

1
j (ZT(P2 - Pl)z - iTP?i + n<t) (ZT< <P1A)svm + CT(PI_I - r2DDT)_1C +
0 Y

1 1 2. .
rP.DD'P| + —G'G + —E'E )z - 1; 2'(Q,P BQ,) .2 -

T Ty

((z - Q2£>TP13K(Z - QIZ)>sym +ry(z - Qzé)TplDDTPT(Z - Q22> +

1 1
(z2-02)'K'F'FK(z - 02) +2! (r.P,DD'P] + — F'F -

3 T4
1 1 " " .
S PB - BP )z )+ 000 (& ((PA)., + (P - nDDT)'C +

RV A R - .
rP,DD'P} + —G'G + — E'E )z - %z'(QszBQz)wz -

r T

((z - Q2£>TP23K(Z - Q12)>sym + r}(z - in)TPzDDTPE(Z - Qzé) +

L(e- 02 KFFK(z - 0,0) +

3

1 1 1
& (r,P.DD'P} + — F'F - S P.B - BP, Jz. ) Jax <

Iy

1
[ =7 w, +m()w, + (1) W) S,
0

/\EI:l
W, =e¢(P,-P)e; —e.Pe;,
1 1
Y, =e, [(PIA)W +C'(P;' -r,DD")"'C +r,P,DD'P} + —G'G + —E'E -
' P r
1 .
(P,BK)_, + r3P,DDTPT + KTFTFKJe: +
3 s
elI:(QZPlBK>sym - 2r3P,DDTP1Q2]e§ +

e,[(PlBKQl) - 2K"'FTFKQ1}e§ -

sym
3

?
eZ(QZPIBKQl)symeg + ez|:r3Q2P1DDTP1Qz - 8(Q2PIBQ2>sym:| e; +

(37)

(38)

(39)
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e{rl QIK"'F"‘FKQIJ e, (40)

" . - | |
Y, =e1[(P2A)5)m +Cc'(p;' -r,DD")'C +r,P,DD'P} + —G'G + —E'E -

r, T

(P,BK), +r,P,DD"P} + K'F‘FKJ el +

T3

2 o
el[(QZPZBK>sym - 2"3P2DDTP2Q2:|8;r te, [(PZBKQI)sym - rKlFlFKQ1i| e§ -
3
2

y
eZ(Q2PZBKQl>syme§ + ?ezl:r3Q2P2DDTP202(Q2P23Q2>sym]e§ +

e{l Q,KTFTFKQ,j e.. (41)
3
SIHE 2 LA, R (32) I (33) Wiar, ml DL B S
LV(t) +28V(t) <

flET[llfl + 28he,Psey + n(1) (W, +20e,Pie;) +0(1) (W, +20e,Pre;) | Edy < 0. (42)
A FUE 5 EH 1 pTEZEL, IEEE.
3.2 ETFWNHFWBRREEFNESEAEN

FEF0(28) , FE H LU W2 .

dz(x,t) = [Az(x t) +Ba z(x ) +L(z(1,t) —Z(l,t))}dt, (43)
Hoh

Z(x,0) = ¢(x) (43)
il A4

2,(0,6)=0, z.(1,t)=u(t), (45)

SR, Z o) e 2Ce,) W, LWMBRIAE, () == K[ Z(v,0)d.

FE SO ZAGTTHRZE N e(x,1) —z(x 1) = Z(x,t) KZ(x,0)=(e(x,t),z(x,t))" e R, AT LIFEZ
Z(x,1)
9x”

dZ(x,t) = [d}Z(x,t) i +2Z(1, z)J dt +¢Z(x,t)dW(1), (46)

i N L 0\ - A 0 0 O B 0
/E\:EP04=J+£,:B=.‘B+‘3,.L’=(0 OJ,e:Mg,u&d:(* j,zz( (x’t)],zz( J

A 0 O(x,t) * B
(0 X(x,t) (0 C (0 E(x,1)
_[0 X(x,t)] ’ e_[o Cj ’ g‘(o Eu,w}'
X5 R BT R AN A
Z(x,0)=®(x), (47)
Z(0,6)=0,,,Z(1,t)=(0,,,1.)"u(t), (48)
Hit, @(x) = (d(x),p(x))" € R
RRiZ2 BKAWELE e (x,t), F(x,t) Mg (x,0) TUER[e(x,t),F(x,t),8(x,t)] =Dz/i(x,
e, F,9], Hha g9, e R™* ROHTEIE, A(x,t) e R X T2 A5 R AER  If
S FAEER x e [0,1], ¢t e [0,00), WEA(x,0)A(x,1) <1,
EIE4 EEEE2 T, MRAEERN %, 2, b8 h >0, >0,8 >0,r,,r,,r,,r, MAEE S IEXT

%5%91,92,93,91&2,77%ELAF/«15F(49)—(52) W ZR 5L (46) —(48) 1k BSC(45) T2 & BT 5 Mk
TEMY ;
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L
&S

|

=

M %

=
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M

|

1
P AP, P <eP,, h<_—,
1 2 1 < &, 26

el

el

22

~

33

I,

0=
R

*

~

2nx2n

[\®)
)=
:

~

2nx2n

i
Sﬁ .3H
87 %

P!>, 27>, ",
_T __

F r, P.D
0

= |

2nx2n |

‘jT r4932§

0
-1

2nx2n |

14

l
1

<0,

14

v
@

mb e o o
W
©c o o o N

066 B

=h((X'8P,2,-P L2, ~rn® D D'PQ2,),

3

hw?
- ?(Q P B2 2>sym

*

- (1-28h) @,

*

:h(g)zﬂg(gl_

3

i l_,(Tg’T
r

1
5 = h(@.ﬂﬂml— - X'F'F KR j ,

2,7 ,D

X , Iy =-he,» BXQ,,

h 2nx2n
T3

_QIH(TS;,T

T3

9F11:

f 2nx2n

*

12 :h((H(TB P,Q,-P,L2,) _73-‘7‘)2DZ DZT-(Pz-Qz),

<3ﬂmlj,

(49)

(50)

(51)

(52)
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2
- ?(-Q 292392)sym 2,P,D

n = 1 , I'yy=—he,?,B%Q,,
% -—1
hr3 2nx2n
_ - 1
Q,=P,-P,+h(P o _QIBK+¢II)5\'m +20h? |, 02, =— —— 1, ,,,
» h(r, +r1;)
- T, ~ T - T3 - 1 _ -
2, =- lenxzuv 2, =- ;Izn,xzn’ 2, =- ;Izuxz,n 02 =- ;(g"ll_ r BT) s

~ o 1 o
D=p,-P +h(P,of-P,BK+P, L), +26hP,, O =—Z(£Pz_l—r22 2").

sym

WERR SRATMIFEIE Lyapunov 32 o8, WG EFUNE .

La(t) :fOZT(_rpz—_rp,)Z -Z'® Z +

n()(Z'( P\ A),, +¢"P )L+ (Z'P £Z(1,1)),, + (Z'P BZ),,) +

0(1)(Z'((Pyeh),, +€'P,e)Z + (Z'P ,LZ(1,1))
570 (35) —(38) MIRLAY AR T 1 | FI42A th IR 45
Lv(t) <

+(Z'9,8Z)

xx / sym

)dx .

sym

1 _ _ - -
f(ZT<spz—9>.>Z—ZT9>32+n(t> (ZT((fpldxy,,.+eT<@;‘—rzm )"
0

~ ) 1 I 1 T o
r®PDD P +—g g +— & Z)Z+(Z£I-"_£Z(1t))

T T

sym
2

?Z (-ng"’ BQZ)z\m <<Z_in)ylygal-'BW(Z_—QlZ))sym+

N - - N 1 _ o _
r(Z-2,2)YP>>d'P(Z-2,2)+—(Z-22)%'F'"9%(Z-2,Z) +
T3
. - 1 -, - 1 1
Zx(r4¢12m¢1+—9' g——@lz——ml)zx)+
r, 2 2

o o 1 - -
6(t) (ZT ((@Zd)m +e'(p'-nad ) e+ d'P,+—g'g +
s "
1 - -
—&'e )Z +(Z'?,rZ(1,1)),, —ZT(QZQ B2,),,
Ty

((2-2,2)'P,BX(Z-2,Z)),, +(Z-2,2)'P,> 2'P,(Z-2,Z) +

1 - - -
—(Z-22)%x'F'FXK(Z-2,Z) +

T3

. - 1 -y - 1 1

Z, <r4\_7-"22 DPY—F F - B prz)zx)dx- (53)
Ty

R Mot R T LIIER , 7628 UL BSC 5 T, R 15 S i 2%, B S EHL s i REHL R 4t
(46) BRIl fRAGAEE | IEER.

E9 (EMERME, ARSI WE N TR BRI 2,(0,0) = 0BHA 2(0,0) = 0.FETICHK[ 29] P IYIHE , X
T 75 EE A T ASg R 1, A TR AL AN e, ARG SCHK 33 ], AR SCAY S SR vl AT iod 48 MU ey i 3] — ZE AL S 1 47 BION It 5

EA0 MorHrd e T LUE 51 EE 2 A B 3 ARG IE B OO AT — S N R L 2 TS B2, flanse
BR[ 26 ] fHJ2 , 245 3] 2 T AL RS (] B B SIS, B AN RE BLH B T AR SC st T — AR BRI 5 S i i) T



482

=
&

o Mmoo %% 2026 4 Hi 47 &

4 B EDE

AR = AN ERAE 1R B BRSO RPE , = A0 I T 3 1 B 2 A HE 3.
1 %IELLT SRDS:
dz(x,t) = [0.6z(x,t) +0.2 g z;xz,t) }dt + 0.1z(x,t)dW(t), (54)

X

Hr A4=06,B=02,C=0.1,x € [0,1],t € [0,4] HIEHEL 2(x,0) Z%x - sin(2mx) .
WP, =1999,P,=2,P,=1,0,=0.1,0, =5,5 = 0.8 B A} [A] AL R B B HLS N A BB At K
1
SKREMRIPE LS E N b = 0.002.368% K = 10, AN BSC ¥t R u(x,t) =— 10[ z2(x,t,)dx, k=1,2,3,+-+,2 000.
0

SRIE BRI FE BRI, PT A B AR 22 (5) M (6) ML MR B 1, BUI R 40 (54) W2 H) 7 46 5K

OB RS (54) IR AN 1 R 500, B u(x,e) =0, REE(54) M N 401 2 Fr 7.3 P sk 6 FE IR R T
P BSC J2 AR,

1.2

Elz(¢,0)|°
=
(o)

<
~

0 1 2 3 4

~

B 1 RG(54) PR R (AHadl)
Fig. 1 The state responses of system (54) (with control)

EON TRPRIE TR BE B 0T AS AR SR HL T R SO S L

40

W
=

ElzCo0)|
(3]
(=)

10

B2 ZRG(54) FRRISmRL (JEEEH)

Fig. 2 The state responses of system (54) (without control)

2 FHIEWH SRDS.
dz(x,t) = [[0'1 02 jZ(x’t) + (0'6 03} azz(x’”}dt +

025 -02 0.3 0.6 dx>

03 -03) 55
A t

03 -03)°" ’

Forb Wt eR B B 2R
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T - sin(2mx)
z(x,0) = ,2(0,0)=0,,,,z,(1,0) =u()(0,,,.1,,,)".

%x - sin(2mx)

= p 1.9 0.6 p 2 04 P 1 025 0 0.1 0.2 0 5 1 502 Fik
X = R = , = R = R = , = . ’E—‘
" loe 1.9)77 lo4a 2 o251 "lo2 o1 > 1 s *

-244 0.78
0.78 -1.74)°

KAEIRRLE 0 h = 0.004, 3 52K it LMI 5 BE AN S50 (21) f(22), i3 K = (

~2.03 -0.16 ‘ . ‘ -
[_ v 33) MRS 2, RS (55) 2 BORE 0. R (55) WL ATE 3 R, 55 91, L
w(x,t) =0, ZRGL(55) WM AN 4 BRI sk B FEIER] 1T B A9 56 T UL Y BSC 2 A 2.
0.6
=04
= 0.2 k
0
0 1 2 3 4
t
0.03
<~ 0.02
pﬁ‘ 0.01
0
1
4 X 0 0 2 4
t
B3 FR5(55) KpRZSmR (A )
Fig. 3 The state responses of system (55) (with control)
B3 EXTER 3, FIELLT RS
2
dz(axc,0) = [(0.2 # M) z(x.1) + (0.1 +AB) z;x;t) + u(x,t):|dt +
X
(0.05 + AC)z(x,t)dW (1), (56)

Hrip,x e [0,1],t € [0,5],A4,AB Fl AC BEAHIESELIX H KA BSC(4).
5 AA = 0.002¢ *sin(¢) ,AB = 0.001e “sin(t) F1 AC = 0.015¢ “cos(t) &P r, =2,r, = 1.5,r, =2,r, =
5,P,=1.9999 P,=2,P,=0.5,0,=0.1,0,=0.8,6 =0.8,h = 0.002. 245 (55) W 1A KA g 2(x,0) = 4mx/7

~ sin(2ma) TR TR OB IR 1R MK = 5, MURBER BB AR A u(v,0) =- 5 2(x,

t)da, k=1,2,3,-++,2 500501 (29) —(33) AL MRIEE B 3, RGE(55) R TT R EHLER E 19. R EE(55) 1Y
Wa BLANTEL 5 Bz, TR e T SR B LR € 9.8 T R g BSC AR I u(x,e) = 0, W40
6 Fr/R AR BRI TR B BELER E 1.
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4 RYE(55) RS R (o)

Fig. 4 he state responses of system (55) (without control)

2
< =
=1
5§
0
0 2 4
t
5 FRGL(56) MRS IR (A #EH)
Fig. 5 The state responses of system (56) (with control)
120f
=30/
=
401
0
0

6 RGL(56) HARZS I L (TorE)

Fig. 6 The state responses of system (56) (without control)
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ARICHESE T SRDS LRI FERAFAE M A T BOARE MM P AR P IR R B X R GRS Al RE O 1A 42 &Rk
IS, BT OBBSC, A4 3 1 B 1Y) 43 B AN 22 Lyapunov 12 bR 1k 51 A 55K 25 B e FAS 45 24
ARSI T RGEIT7 48 B E TG R 75 48 B E 1 58 3 25 1. ELAS SRR, PIr B A0 2 11 0 RE A% A 2L
BUE AFRE R SRDS, ik T T S BE A A R E X LU RAVN Y T SRDS & BIS (AT S5 1, 108 S2FR
AR PR 1 BRSSO X T L SRS B K AT ) BRI i T2 2R 8, ST A ASAS A U A0 30 SR SR A 42
RMEEE S, B A G N YA CBUE R GE R T — T i R
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